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Abstract-A variational formulation is derived and applied to problems in heat conduction through 
solids. This formulation has, as its Euler-Lagrange equation, the general heat equation where the thermal 
conductivity, density, and specific heat may be temperature-dependent. The variational principle can be 
applied for steady-state or time-dependent solutions and is valid for boundary conditions where the 
temperature is specified, being either fixed or time-dependent, or where the heat flux is zero. The 
macroscopic temperature distribution for two problems is determined using this technique. The first of 
these is a finite rectangular plate, the initial temperature of the plate being constant and the temperature 
of the edges being set equal to zero for time greater than zero. In the second example the variational 
formulation is used to obtain a steady-state temperature distribution for a finite rectangular plate with 
sides held at fixed but different temperatures. In both of these applications, the thermal conductivity is 
assumed to vary linearly with temperature and the density and specific heat are assumed to have uniform 
values. Comparison of the results obtained using the variational formulation with those obtained by 
finite difference techniques shows an excellent correlation over a range of the temperature-conductivity 

coefficient. 

NOMENCLATURE Subscript 

K 
R 
S, 
T 
V, 
a, b, 
c 
t l ’ 
xi2 

thermal conductivity ; 
rectangle length-width ratio ; 
boundary surface ; 
temperature ; 
volume ; 
length of rectangle sides ; 
specific heat ; 
time ; 
coordinate axes. 

nbols 
dimensionless temperature ; 
trial function coefficients ; 
variational symbol ; 
Kronecker delta ; 
thermal diffusivity ; 
density ; 
slope of dimensionless temperat 
diffusivity curve ; 
dimensionless time ; 
dimensionless coordinate axes. 

ure- 

0, - reference value. 

Superscript 
* > variables not subject to variation, 

1. INTRODUCTION 

THE USEFULNESS of the concept of entropy 
production as a measure of the approach to 
equilibrium has been recognized for many years 
and has been discussed in detail by Prigogine 
[l]. Over a period of years there has evolved a 
relatively new concept which was termed the 
“local potential” by Glansdorff, Prigogine and 
Hays [2] and which results in a variational 
principle which was applicable to systems 
exhibiting reversible as well as irreversible 
processes. This work was extended by Glans- 

- dorff and Prigogine [3] to include a very general 
evolution criterion for processes in macroscopic 
physics with time-independent boundary con- 
ditions. A physical interpretation of the local 
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potential concept was obtained by Prigogine [4] 
and Glansdorff [5] where the existence and 
function of the concept was explained in the 
light of fluctuation theory. It was then possible 
to explain on a rational basis the unique 
characteristic of this formulation; the inclusion 
of functions in the Lagrangian which are evalu- 
ated at the steady state and thus not subject to 
variation. Although the variational formulation 
had been derived on the basis of time-inde- 
pendent boundary conditions, it was shown by 
Hays [6] that this restriction was not necessary 
and that the formulation was valid for time- 
dependent as well as time-independent boundary 
conditions. These extended variational prin- 
ciples have been applied successfully by Hays to 
several problems in hydrodynamics [7, 81, to 
the flow of heat in solids [6] and to diffusion [9]. 
Since the work on heat flow did not include two- 
dimensional temperature distributions it seemed 
desirable to evaluate the applicability of the 
variational formulation for these more involved 
applications. This investigation is for the pur- 
pose of acquiring a greater understanding of the 
applicability of the variational method as 
applied to two types of problems in heat con- 
duction in solids and also to evaluate its useful- 
ness with respect to other techniques in achieving 
solutions to these problems. 

The variational formulation that is applicable 
to the general diffusion or heat-conduction 
equation, as derived by the author [6], is based 
upon the following concepts. Consider a volume 
I/ of an isotropic solid with a boundary surface 
S. The family of tem~rature distributions in 
this volume are thought of as having the 
appropriate macroscopic temperature distribu- 
tion T* plus small and arbitrary variations of 
the temperature 6T around the macroscopic 
distribution, both components being functions 
of space and time, 

T = ?T*(Xi* t) + 6T(Xi, t). (1.1) 

The thermal conductivity K, density p, and 
specific heat c, are assumed to be functions of 
the temperature T and consequently can be 

written as 

K(3r) = K(T” + 6T) = K* + 6K. 

p = p” -I” 6p. t t.2i 

c,, = c,* + 6c,. 

If on the boundary surface S the temperature 
is specified (6T = 0) or if the flux across the 
surface is zero, then it can be shown that the 
following variation is always less than zero and 
is equal to zero when the temperature distribu- 
tion corresponding to T* is reached ; 

(1.3) 

The required macroscopic temperature distri- 
bution T* is characterized by the extremum 
condition 

with the subsidiary condition 

T = T*. (1.5) 

If the density and specific heat are independ- 
ent of temperature, as in the examples to be 
considered in this paper, then (1.3) can be simpli- 
fied. A functional J is defined 

which has as its Euler-Lagrange equation the 
equation for the conservation of energy where 
the thermal conductivity is temperature-depend- 
ent and the density and the specific heat are 
constant. This relationship can be easily shown 
by setting the first variation of (1.6) equal to zero. 

The variational formulation (1.6) is applicable 
to both steady-state and time-de~ndent heat- 
conduction problems with either fixed or 
time-dependent boundary conditions. The only 
restriction on the above formulation is that either 
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the temperature be specified on the boundary 
surface S, i.e. 6T = 0, or that the flux across this 
surface be zero. 

The integral (1.6) is a function of both the 
macroscopic temperature distribution T* and 
the total temperature Tand it is only the latter 
distribution which is subject to variation. The 
phenomenological coefficients p*, cz, and K* 
appearing in the formulation may be arbitrary 
functions of temperature which are evaluated 
with respect to the temperature T*. Conse- 
quently they are not subject to variation. 

A fundamental problem in the application of 
variational techniques is the choice of an 
appropriate trial function. Such a trial function 
must be capable of representing, or approximat- 
ing, the actual solution of the differential equa- 
tion and it must not be so complex as to cause 
undue mathematical hardship. It is assumed 
that the trial function will contain a number of 
undetermined coefficients an,,,, n = 1,2,. . . , N; 
m= 1,2,..., N, and it will satisfy the boundary 
conditions of the system being investigated. In 
this paper, the “self-consistent” or “direct” 
method is applied to obtain the a,,. The func- 
tion T* is assumed to consist of undetermined 
coefficients /I.,, while the function T consists of 
the coefficients a, nt, the general form of the 
space-time representation of both functions 
being the same. Using the Rayleigh-Ritz method, 
a series of NZ algebraic equations is formed as a 
consequence of the minimization process, 

aJ 0 - = 
dUi,j ’ 

i,j = 1,2 3 . . . , N. (1.7) 

The subsidiary condition, T = T*, is now 
effected by setting a,,,, = /3_, and the N2 
algebraic equations are then solved for the 
coefficients a,, m. In general, recourse must be 
made to numerical methods to determine the 
coefficients. 

2. TIMEDEPENDENT TEMPERATURE 

DISTRIRUTIONS 

The first application of the variational 
principle is to the problem ofthermal conduction 

in a solid isotropic material, 0 < x < a, 
0 < y < b. This rectangular plate is of uniform 
temperature T, for t < 0 and the temperature 
of the edges, x = 0, x = a, y = 0, and y = b, is 
maintained at zero for t > 0. In this problem 
the density p of the material and the specific 
heat c, are considered to be uniform. These 
terms are combined with the temperature- 
dependent thermal conductivity, thus defining 
a temperature-dependent thermal diffusivity rc. 

K(T) KC-- 
PC” . 

(2.1) 

This example will therefore test the applicability 
of the variational formulation to problems 
where the solutions are time-dependent with 
two space variables, T(x, y; t) and where the 
boundary conditions are specified. 

It is advantageous to change variables in the 
following manner. 

Icot 
T=--, 

a2 

fk;. (2.2) 
s 

R =;. 

The conservation of energy equation then takes 
the following form 

5 = rc’{; (;$)+ R2$-(kg)} (2.3) 

and the initial and boundary conditions are as 
follows.* 

o<r<n, O<$<a, r<o; 8=1 

(=0,x; 4=0,x; r>o; e=o. 
(2.4) 

The thermal diffusivity ic is assumed to be a 
linear function of temperature where D is the 
slope of the dimensionless temperature-dif- 
fusivity curve and ICY is a reference value. 

ic = KO(l + a@. (2.5) 



288 DONALD F. HAYS and HARRIET N. CURD 

The variational form (1.6) in terms of the new 
variables becomes? 

This form is applicable since the boundary 
temperatures are specified and the surface 
integral vanishes. It is now necessary to assume 
a trial function for the temperature 8. In making 
this choice it is desirable to obtain a relatively 
simple form which will have the ability to 
adequately represent the desired solutions. The 
variational process is one of approximation and 
the final results will be the best fit of the trial 
function to the solution of the differential 
equation. The trial function is taken to be 

co m 

8=$ cc nl;I sin nt sin rnc$ 

m n 

exp (-a,,, z) m,n,=1,3,5 . . . . . 03 (2.7) 

which satisfies the boundary conditions (2.4). 
The coefficients appearing in the exponential 

term must be determined such that the integral 
(2.6) is minimized. Consequently, the partial 
derivative of the integral J (2.6) is taken with 
respect to the specific coefficients ak,i and the 
resulting time-space integral is set equal to zero. 
In taking this derivative the functions with the 
superscript * are not subject to variation. 

The subsidiary condition (1.5) is now applied 
by setting 0 = 8* and the trial function (2.7) is 
used to determine the several terms appearing 
in (2.8). The square of an infinite series is re- 
quired in evaluating (2.8) and, to avoid confusion 
in the mathematical operations, the subscripts 
s and t are assigned to one series, s, t, n, and m 
covering the same range. The resulting set of 
algebraic equations is in terms of the coefficients 

ak, 1. 

(s2 - k2 - n2) 

[s2 - (k + n)‘] [s2 - (k - n)2] [t2 - (m - Q2] [t2 L (m + I)'] 
n m s 

f 

(t2 - m2 - 12) 

[s2 - (k - n)‘] [s2 - (k + n)‘] [t2 - (m + I)“] [t2 - (m - I)‘5 
n m s 

t 

2 

= 0 n, m, s, t, = 1, 3,5.. . , ‘CO. (2.9) 
akl 

t In this example the limits on the time integral are taken to be zero and infinity. Thus the tit of the trial function will bc 
over all time. A referee has noted, however, that since the coefficients in the trial function are determined by the values 
of the limits of integration, the fit may be made over contiguous intervals. This poses the problem of the function being 
discontinuous at the interval boundaries. 
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These equations (2.9). truncated at 
term in m and n, are of the form 

the Nth 

Filallq o! 12?. . %,N; a21- a22.. . a2,N; 

. . . aNl? aN2,. . . aN,N) = 0 

i,j = 1,2,3,.. ., N. (2.10) 

terminated when the differences between all a’s 
for two successive iterations were less than 1 per 
cent. When values of akl corresponding to 
0 = 0 and 0 = 05 and a value of R = 1 (square 
plate) are substituted into (2.7), temperature 
distributions are obtained as shown in Fig. 1 for 

The Newton-Raphson method (Booth [lo]) 
was used to determine these coefficients. Since 
this technique was discussed in detail in [6], it 
will not be repeated here. 

In general, it is not possible to assume 
arbitrary initial values for the a’s and be assured 
that the Newton-Raphson method will con- 
verge to the correct solution. The trial values 
must be in the vicinity of those corresponding 
to the solution. Some preliminary exploration 
as to where the roots are located is advisable 
before attempting to obtain a solution. By 
considering the case of uniform thermal con- 
ductivity, g = 0, it is possible to obtain an 
initial set of a,,, values. Using these starting 
values it is then possible to obtain a’s for small 
0 values which in turn can be used as starting 
values for yet larger values of the conductivity 
coefficient. 

When (r = 0 in (2.9) then the akl are easily 
obtained, 

akl = 7c2(k2 + R212), k, I = 1.3,5, . . . , N. 

(2.11) 

The substitution of (2.11) into (2.7) results in the 
following temperature function for uniform 
conductivity. 

cc $ sin kr sin 14 

k I 

exp [ - n2(k2 + R212)2]. (2.12) 

This is a well-known solution (Carslaw and 
Jaeger [l I]). The a’s given by (2.11) were used 
as initial values for cr 4 1. Then, with c incre- 
mented in small steps, the a’s resulting from one 
solution were used as the starting values for the 
next iteration, until all values of 0 which were of 
interest had been obtained. The iterations were 

e 

0 
s/2 

t 

FIG. 1. Temperature distributions 8 across the semi-width 
of a finite rectangular plate at the mid-section 4 = n/2 for 
a uniform thermal conductivity u = 0 and a variable 

conductivity u = 0.5 for four time values r ; R = 1. 

several values of the dimensionless time r. These 
temperature distributions are across the semi- 
width of the plate at the mid-section 4 = 742. 
It is seen that appreciable differences exist 
between the solutions where the thermal con- 
ductivity variation with temperature is taken 
into account and where it is considered to be 
uniform. 

In Fig. 2 are shown temperature distributions 
over the semi-length of the plate at the centerline 
5 = 42 for the dimensionless time r = 044. 
These curves are for two width-to-length ratios. 
R = 1 and R = 4. The classical method of 
solution where the conductivity is considered to 
be uniform would lead to appreciable errors as 
shown by this comparison with the solution 
based on a variable thermal diffusivity. 

To evaluate the usefulness of the variational 
formulation in achieving solutions to thermal 



290 DONALD F. HAYS and HARRIET N. CURD 

conduction problems. it is necessary to have a 
reference solution for comparison. However. 
there are few solutions available which can be 
used as a reference because of the difficulty in 
obtaining solutions to problems with variable 

IO- 
u=o 
~~o.~----- 

R=l/2 

___--l--l~--. 

e 

0 
n/4 r/2 

cp 

FIG. 2. Temperature distributions @ over the semi-length of 
a finite rectangular plate along the centerline for a uniform 
thermal conductivity c = 0 and a variable conductivity 
G = 0.5 for the dimensionless time z = 0.04 and for two 

width-to-length ratios. R = 1 and R = 4 

thermal conductivities. Consequently, the solu- 
tion to this problem was obtained using finite 
difference methods (alternating direction) as 
described by Douglas [12]. These solutions 
were obtained on a high-speed digital computer 
and are considered as reference solutions 

In Fig. 3 are shown comparisons of tempera- 
ture distributions from the variational method 
and the finite difference method. In this figure 
Q = 05 and it is seen that the variational solu- 
tions compare favorably with the solutions ob- 
tained through fmite difference techniques. The 

discrepancies shown between the two techniques 
are the results of the influence of cr on the trial 
function which is to be found only in the time 
factor. A more refined trial function which would 
have greater flexibility in matching these solu- 
tions could be used but at the expense of making 
the analysis more complex. However, inasmuch 
as the variational approach seeks to find 
approximate solutions, one must conclude on 
the basis of these comparisons that it is extremely 
successful in fulfilling its purpose. 

Instead of using a trial function (2.7) which 
requires the determination of a multitude of 
coefficients &l, we will now investigate the 
possibility of a trial function requiring but a 
single coefficient Q. In this case a possible trial 
function would be of the form 

exp I- cd(n' -t- R2m2)z] {2.13) 

where a single ct appears in the exponential term. 
The minimization is effected as before by 
performing the integrations indicated in the 
following expression, 

+ (;) (g)} dcd$ dz. (2.14) 

A single equation is now available for the deter- 
mination of ~1. 

x2 -cc U-l 

‘(j+;:;;F; 1 xx xLnz + $ + ;:+$2y;z + t2)R2]2 

n m P 4 

(Pl - n' - s2) 
X 

[(P + Q2 - n21 [(p - s)~ - n2][q2 - (t - m)2][q2 - (t + m)'] 
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.o 
Finite difference- 
Variational ------ 

02 

n 

FIG. 3. Temperature distributions 0 across the semi-width 
of a finite rectangular plate at the mid-section 4 = r/2 for a 
variable thermal conductivity u = 0.5 obtained using the 
variational formulation with twenty-five coefficients. com- 
pared to temperature distributions obtained through finite 

difference methods; R = 4. 

The multiple a’s and the single 01 were substituted 
into (2.7) and (2.13), respectively, and Fig. 4 
shows comparisons between the two methods. 
These temperature distributions are along the 
semi-width of the plate at the mid-section 
4 = 71/2 for a conductivity coefficient Q = 05 
and a width-to-length ratio R = 1. The agree- 
ment between the temperature distributions 
determined by a single a and by twenty-five a’s 
is close over a wide range of the dimensionless 
time T. The temperature distributions deter- 
mined by the single a are slightly higher in all 
cases than those distributions determined by 
the multiple a’s. The multiple a’s were always 
found to yield a more accurate solution. 

3. TIME-INDEPENDENT TEMPERATURE 
DISTRIBUTION 

In the previous example the variational 

n, m, p, q, s? t = 1,3,5,. . . , co. (2.1 

“O [Murtipte coefficients - 
Single coefficient ------- 

5) 

FIG. 4. Temperature distributions 0 across the semi-width 
of a finite rectangular plate at the mid-section 4 = n/2 for 
a variable thermal conductivity u = 0.5 obtained using the 
variational formulation with twenty-five coefficients. com- 
pared with those obtained with a single coeffkient; R = I. 

formulation was used to achieve solutions 
which were time-dependent with two space 
variables. In this example, that of a finite 
rectangular plate, the variational principle will 
be used to obtain a solution of a steady-state 
problem in two dimensions where the tempera- 
tures are fixed but different on the boundaries. 
The region of interest extends over 0 < x < a 
and Cl < y < b, the temperature on all of the 
boundaries being zero with the exception of 
T(x, b) = T, sin nx/a. The thermal conductivity 
is again assumed to be linearly dependent on 
temperature and the density and specific heat 
are assumed to be uniform. With the following 
change of variables 

the energy equation and boundary conditions 
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are given by 

O(& 71) = sin 5. e(5.0) = O(O, 4) 

= f3(7r,4) = 0. (3.3) 
The variational formulation to be used is 

dt d+ (3.4) 

with the thermal diffusivity given by (2.5) 

A trial function for 0 which satisfies the boundary 
conditions is 

e = $ sin c + 12 /3,, sin nt sin rn$ 
II 

” m 

n = 1. 3, 5. ,Y;, (3.5) 

where the p,, are the coefficients to be deter- 
mined. The derivative of (3.4) is taken with 
respect to the particular set of coefficients /I,, 
and set equal to zero. The subsidiary condition 
(1.5) is now satisfied by setting 0 = 85 

After the appropriate integrations and alge- 
braic manipulations the following infinite set 
of algebraic equations is obtained for the flk! 

.$( - 1)’ + ; &(k2 + R212) + aik;?_ 4) 1’ - (-- ‘)‘I 

ok 

+ 7r2(4 - k2) i 
x2y4[* - (-‘)‘I - $’ + (-‘)‘I 

I 

n2 - k2) 
+~~~knpnm[l -(n(:i2][1 -(n-k)21 

( 
as _ 
4 ml (j;l;2)2 [’ - (- l)m+ll} 

-4$%CL 
klmn 

n m [I - (n - k)‘] [1 - (n + k)2] i 
?a,, - 
4 

(1;2+_m~2~ [’ - (- ‘)m+r]l 

+$X/L 
kn(n2 - k2 - 1) 

n m [(n + 1)2 - k2] [(n - 1)’ - k2] i 
?r&-- 
4 

(l;ys fl - (- ‘I-+‘]I 

- g~~~~~P,,P,, 
klmnst(s’ - k2 - n2) 

nmSt [(s + n)2 - k2] [(s - n)2 - k2] [Z’ - (m - t)‘] [E2 - (m + t)“] 

- qg”m 
klmnG?,, 

[l - (n - k)‘] [1 - (n + k)2] (m2 - 12) [’ - (- l)mf’l 

- 8aR2 c c c c B”n& 
klmnst(t’ - 1’ - m2) 

nms t [k2 - (n - s)‘] [k2 - (n + s)“] [(t + m)2 - 12] [(t-T--_ = ’ 

(3.6) 
where Qij = (1 - S,j) 
and aij is the Kronecker delta. 

An initial set of trial values for j?,, is obtained For the case of uniform conductivity. CJ = 0, 
by setting 0 = 0 in (3.6) and solving for the there exists but one k value, that of unity. The 
coefficients. Thus coefficients Pkl from (3.7) are used as initial values 

to allow one to proceed with the evaluation of 

pl,[ + 2(- ‘)I (3.7) 
the coefficients for the case of variable dif- 

z1(1 + R212)’ fusivity. 
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In Fig. 5 are shown steady-state temperature 
distributions for selected values of 4, compari- 
sons being made between the solutions with 
variable conductivity, Q = 0.5, and uniform 
conductivity c = 0. In Fig. 6 comparisons are 

IO 

I P’O - 
=’ 0.5 ----- 

I#4 = 180’ 

/ 

8 

______---- 

0 
H/2 

E 

FIG. 5. Steady-state temperature distributions across the 
semi-width of a finite rectangular plate for selected values 
of 4 for a uniform thermal conductivity c = 0 and a 

variable conductivity D = 0.5, R = 1. 

8 

E 
7712 

FIG. 6. Steady-state temperature distributions across the 
semi-width of a tinite rectangular plate for a variable 
thermal conductivity Q = @5 obtained using the variational 
formulation. compared with those obtained through the 

use of finite difference techniques ; R = 1. 

made between the solutions obtained from the 
variational formulation and those obtained 
using finite difference techniques. In this case 
the overrelaxation method of Young [13] was 
used to obtain the reference solutions. For these 
steady-state solutions, excellent correlation is 
obtained between the variational and the refer- 
ence solutions over a wide range of C/J values. 

CONCLUSIONS 

These two examples have shown that it is 
possible to use an extended variational formula- 
tion to achieve solutions to problems with 
temperature-dependent diffusivities. In these 
examples we have also seen that the approximate 
solutions obtained by the variational method 
are dependent on the form of the assumed trial 
function. If knowledge is available relating to 
the behavior of the solutions, then this know- 
ledge can be incorporated into the trial function. 
If information is lacking, then there is the possi- 
bility of approximating the solutions by other 
methods which will yield sufficient information 
as to the characteristics of the solutions to allow 
a reasonable assumption for the trial function. 

The greatest advantage of the variational 
principle as applied to heat-conduction 
problems is that its applicability is not limited 
by the manner in which the thermal conductivity, 
density, or specific heat are temperature- 
dependent. The temperature dependence of 
these phenomenological coefficients, when 
known, can then be incorporated directly into 
the variational formulation. If these relation- 
ships should be other than the simple linear form 
used in this analysis, this would result in 
additional algebraic operations because of the 
higher order terms, however, the basic mathe- 
matical operations would remain unchanged. 

The application of the variational technique 
requires the availability of a computer facility, 
but this same requirement is found with regard 
to other methods currently used to achieve 
solutions to the types of problems that have been 
used as examples. The amount of computer 
time required to achieve solutions through either 



294 DONALD F. HAYS and HARRIET N. CURD 

finite difference methods or variational tech- 
niques can vary appreciably. It is not possible to 
give absolute comparisons because of the 
various trial functions that might be used and 
the differing finite difference techniques that 
can be applied. It was found that the computer 
time required by the variational method in 
achieving the steady-state solutions for the 
finite plate was approximately one-half the time 
required by the finite difference methods. For 
the time-dependent solutions, however. the 
variational formulation exceeded, by a factor 
of one-half, the time required by the finite 
difference method. If a judicious choice of the 
trial function is made or if the appropriate 
finite difference method is chosen, then little 
difficulty is found in achieving the required 
temperature distributions. However, a poor 
choice of either of these can lead one to a great 
many difficulties in this type of problem. 

Although the Newton-Raphson method was 
used in the preceding examples, other approxi- 
mation techniques could have been used equally 
as well. Most of these techniques, however. 
require that the iteration be initiated in the 
neighborhood of the solution to assure con- 
vergence. In those instances where many co- 
efficients are desired, difficulty may be experi- 
enced in achieving convergence even with initial 
values very close to the true solutions. 

The dimensionless parameter CJ appearing in 
the thermal diffusivity-temperature relationship 
(2.5) is the product of the reference temperature 
T, and the slope of the dimensional diffusivity- 
temperature curve. Values of c used in the 
examples were chosen for illustrative purposes 
only and not to represent the properties of a 
particular solid material. These values are. 
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RCurm~Une formulation variationnelle est obtenue et appliqute a des problemes de conductton de 

chaleur a travers des solides. Cette formulation a, comme equatron d’Euler-Lagrange, I’equatton generate 
de la chaleur oh la conductibilitt thermique, la masse volumique et la chaleur specitique peuvent dependre 
de la temperature. Le principe variationnel peut &tre applique a des solutions en regime permanent ou 
d&pendant du temps et il est valable pour des conditions aux limites dans lesquelles la temperature est 
specifite, soit constante, soit dependant du temps, ou lorsque le flux de chaleur est nul. La distribution 
de temperature macroscopique est dtterminee pour deux probltmes en employant cette technique. Le 
premier de ces problemes est celui d’une plaque rectangulaire tinie dont la temperature initiale est constante 
et dont la temperature des bords est portee a zero pour des temps positifs. Dans le second exemple, la 
formulation variationnelle est employee pour obtenir une distribution de temperature en regime permanent 
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pour une plaque rectangulaire lime dont les cot&s sont maintenus a des temperatures constantes mais 
differentes. Dans ces deux applications, on a suppose que la conductivite thermique varie lintairement 
avec la temperature et l’on a suppose que la masse volumique et la chaleur specifique avaient des valeurs 
uniformes. La comparaison des rbultats obtenus en employant la formulation variationnelle avec ceux 
obtenus par des techniques de differences finies montre une correlation excellente dans une certaine 

gamme de variation du coefficient de temperature de la conductivite thermique. 

Zusammenfassrmg-Mit Hilfe der Variationsrechnung wird ein Formalismus abgeleitet und auf Probleme 
der WBrmeleitung in Festkorpern angewandt. Die Formulierung enthllt als Euler-Lagrangesche Differ- 
entialgleichung die allgemeine Wirmeleitungsgleichung, wobei die WLrmeleitfahigkeit, die Dichte und 
die spezifische W&me temperaturabhlngig sein konnen. Das Variationsprinzip kann zur Gewinnung 
stationfirer, wie instation;irer Losungen dienen; est gilt fur Randbedingungen, bei denen die Temperatur 
entweder als fester oder als zeitabhangiger Wert vorgeschrieben ist oder der W&nestrom Null ist. 

Fiir zwei Probleme wird die makroskopische Temperaturverteilung unter Verwendung dieser Methode 
ermittelt. Im ersten Fall ist eine endliche rechteckige Platte vorgegeben; die Anfangstemperatur der 
Platte sei konstant und fur Zeiten grosser Null werden die Rander auf der Temperatur Null gehalten. Im 
zweiten Beispiel wird die Formulierung als Variationsproblem dazu benutzt, die station&e Temperatur- 
verteilung in einer endlichen rechtwinkligen Platte zu gewinnen, wenn die Seitenflachen auf festen aber 
unterschiedlichen Temperaturen gehalten werden. In beiden Anwendungsfallen wird angenommen, dass 
die WBrmeleitfahigkeit linear mit der Temperatur veranderlich ist und die Dichte und die spezifische 
W&me feste Werte haben. 

Ein Vergleich der nach dem Variationsprinzip gewonnenen Ergebnisse mit solchen aus einem Differ- 
enzenverfahren zeigt fur einen gewissen Bereich des Temperatur-Warmeleitfahigkeitskoeffizienten 

ausgezeichnete Ubereinstimmung. 

AmioT4n-IIony4eriti BapsiqnoKmdi MeTon npwnfeHReTcfi K aaj[arlabr Tennonpom~- 

HOCTEI mmpm Ten. 3~0~ Melon, ocaoeamd4 Ha ypaBHemiK Elftnepa-JIarpaHma, coAepHolT 

o6qee ypaBHeEHe nepeHOCa TellJla, B KOTOpOm. TenJIOnpOBO~HOCTb;~nJlOTHOCTb Ii yJ&eJlbHaR 

TennoeHKocTb rdory~ aaBxceTb OT TeMnepaTypbt. Bapwa~ofiHnr#*npHHIvin npmeHmccfl 

JJJIJI pelUeHHR KaK CTaI(HOHapHbIX TaK W HeCTaI&ifOHapHbIX awaY II CnpaBeAJIHB AnH rpaHWI- 

mx YUIOBH#, B KOTO~HX a_aeTcs TeMnepaTypa, npmem 0Ha nocToi3HHa mm aaBncm wr 

BpenreHn, a TaKH(e &wi cny¶aR, Horna TensoBot nOTOK paBeH ~ymo. C noato~blo RaHHoro 

aaeTop;a H~XO~T~II pacnpegeeaearae TernepaTypY an13 cne~ymuix cayqaee: (1) orpwwiea- 
~ofi nnacmm c nocToumofl HaqanbHoti TeMnepaTypoff, TemepaTypa ~OKOBUX nosepx- 

HOCTetipaBHanynIpKorJJaBpewR 6onbme~ynR;(2)nonyYeHo cTaIJaoHapHoeTeMnepaTypaoe 

pacnpeneneHwe &ns 0rpaHwiesaoft nnamiHhI, KOI'Aa 60KOBble llOBepXHOCTEi nOZIAepHIli- 

BamTcsi np~ @iKcnpoBaHHnx H paanaueux TeMnepaTypax. B 060~1~ amx cnygaRx ripen-- 

noaaraerca, YT~ Koa+#HqAeHT TennonpoBo~fiocTn nnHetiH0 HardemeTcIf c TeaanepaTypoii, 

iI nJlOTHOCTb H yAeJIbHaR TenJlOeMKOCTb-BeJDiYWHbI nOCTOIIHHb4e. CpaBHeHHe nOJly'teHHYX 

BapEi~SiQHHblH MeTOAOM peayJIbTaTOB CO aHaYeHHHMEi, nOIonyYeHHblMH MeTOAOM KOHe¶HUX 

paaaocTei, noKaabmaeT xopomee cornacoBame nn~ Koa++isHeHTa TeMnepaTyponponOn 

HOCTK. 


