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Abstract—A variational formulation is derived and applied to problems in heat conduction through
solids. This formulation has, as its Euler-Lagrange equation, the general heat equation where the thermal
conductivity, density, and specific heat may be temperature-dependent. The variational principle can be
applied for steady-state or time-dependent solutions and is valid for boundary conditions where the
temperature is specified, being either fixed or time-dependent, or where the heat flux is zero. The
macroscopic temperature distribution for two problems is determined using this technique. The first of
these is a finite rectangular plate, the initial temperature of the plate being constant and the temperature
of the edges being set equal to zero for time greater than zero. In the second example the variational
formulation is used to obtain a steady-state temperature distribution for a finite rectangular plate with
sides held at fixed but different temperatures. In both of these applications, the thermal conductivity is
assumed to vary linearly with temperature and the density and specific heat are assumed to have uniform
values. Comparison of the results obtained using the variational formulation with those obtained by
finite difference techniques shows an excellent correlation over a range of the temperature-conductivity

coefficient.
NOMENCLATURE Subscript

K, thermal conductivity; 0, reference value.

R, rectangle length—width ratio;

S, boundary surface; Superscript

T, temperature;; * variables not subject to variation.

V, volume;

a,b, length of rectangle sides; 1. INTRODUCTION

Cpn specific heat; THE USEFULNESS of the concept of entropy

L time ; production as a measure of the approach to

X;, coordinate axes. equilibrium has been recognized for many years

and has been discussed in detail by Prigogine

Greek symbols [1]. Over a period of years there has evolved a

0, dimensionless temperature ; relatively new concept which was termed the

o, B, trial function coefficients; “local potential”’ by Glansdorff, Prigogine and

0, variational symbol ;

S;js Kronecker delta;

K, thermal diffusivity;

o, density ;

o, slope of dimensionless temperature—
diffusivity curve;

T, dimensionless time ;

¢ ¢, dimensionless coordinate axes.

Hays [2] and which results in a variational
principle which was applicable to systems
exhibiting reversible as well as irreversible
processes. This work was extended by Glans-
dorff and Prigogine [3] to include a very general
evolution criterion for processes in macroscopic
physics with time-independent boundary con-
ditions. A physical interpretation of the local
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potential concept was obtained by Prigogine [4]
and Glansdorff [5] where the existence and
function of the concept was explained in the
light of fluctuation theory. It was then possible
to explain on a rational basis the unique
characteristic of this formulation ; the inclusion
of functions in the Lagrangian which are evalu-
ated at the steady state and thus not subject to
variation. Although the variational formulation
had been derived on the basis of time-inde-
pendent boundary conditions, it was shown by
Hays [6] that this restriction was not necessary
and that the formulation was valid for time-
dependent as well as time-independent boundary
conditions. These extended variational prin-
ciples have been applied successfully by Hays to
several problems in hydrodynamics [7, 8], to
the flow of heat in solids [6] and to diffusion [9].
Since the work on heat flow did not include two-
dimensional temperature distributions it seemed
desirable to evaluate the applicability of the
variational formulation for these more involved
applications. This investigation is for the pur-
pose of acquiring a greater understanding of the
applicability of the variational method as
applied to two types of problems in heat con-
duction in solids and also to evaluate its useful-
ness with respect to other techniques in achieving
solutions to these problems.

The variational formulation that is applicable
to the general diffusion or heat-conduction
equation, as derived by the author [6], is based
upon the following concepts. Consider a volume
V of an isotropic solid with a boundary surface
S. The family of temperature distributions in
this volume are thought of as having the
appropriate macroscopic temperature distribu-
tion T* plus small and arbitrary variations of
the temperature 6T around the macroscopic
distribution, both components being functions
of space and time,

T = T*x,. 1) + 6T (x, 1). (1.1

The thermal conductivity K, density p, and
specific heat c, are assumed to be functions of
the temperature T and consequently can be
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written as
K(T) = K(T* + 0T) = K* + K.
p=p*+dp. (1.2}
¢, = ¢f + e,

If on the boundary surface § the temperature
is specified (8T = 0} or if the flux across the
surface is zero, then it can be shown that the
following variation is always less than zero and
is equal to zero when the temperature distribu-
tion corresponding to T* is reached ;

oT* 0 6T\ T
* 2
”[az ST + K* == (p*ct) ax,]dm <0
t vV

(£.3)

The required macroscopic temperature distri-
bution T* is characterized by the extremum

condition
SL(T*, T)] \
——l| =0 14
itk (14
with the subsidiary condition

T=T* (1.5)

If the density and specific heat are independ-
ent of temperature, as in the examples to be
considered in this paper, then (1.3) can be simpli-
fied. A functional J is defined

K*(oTV a:r*}
J ——J.f [T(a> + p*c, T(at) dVv di,
tV

(1.6)

which has as its Euler-Lagrange equation the
equation for the conservation of energy where
the thermal conductivity is temperature-depend-
ent and the density and the specific heat are
constant. This relationship can be easily shown
by setting the first variation of (1.6) equal to zero.

The variational formulation (1.6) is applicable
to both steady-state and time-dependent heat-
conduction problems with either fixed or
time-dependent boundary conditions. The only
restriction on the above formulation is that either
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the temperature be specified on the boundary
surface S,1.¢c. T = 0, or that the flux across this
surface be zero.

The integral (1.6) is a function of both the
macroscopic temperature distribution T* and
the total temperature Tand it is only the latter
distribution which is subject to variation. The
phenomenological coefficients p*, c¥, and K*
appearing in the formulation may be arbitrary
functions of temperature which are evaluated
with respect to the temperature T*. Conse-
quently they are not subject to variation.

A fundamental problem in the application of
variational techniques is the choice of an
appropriate trial function. Such a trial function
must be capable of representing, or approximat-
ing, the actual solution of the differential equa-
tion and it must not be so complex as to cause
undue mathematical hardship. It is assumed
that the trial function will contain a number of
undetermined coefficients a,, ,.,n = 1,2,...,N;
m=1,2,..., N, and it will satisfy the boundary
conditions of the system being investigated. In
this paper, the “self-consistent” or “direct”
method is applied to obtain the o, ,. The func-
tion T* is assumed to consist of undetermined
coefficients g, ,, while the function T consists of
the coefficients a, ,, the general form of the
space—time representation of both functions
being the same. Using the Rayleigh-Ritz method,
a series of N2 algebraic equations is formed as a
consequence of the minimization process,

aJ o,
o, ;

Lj=12,...,N. (L.7)
The subsidiary condition, T = T* is now
effected by setting «, ,, = B, ,, and the N?
algebraic equations are then solved for the
coefficients «, ,. In general, recourse must be
made to numerical methods to determine the
coefficients.

2. TIME-DEPENDENT TEMPERATURE
DISTRIBUTIONS

The first application of the variational
principle is to the problem of thermal conduction
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in a solid isotropic material, 0 < x < a,
0 < y < b. This rectangular plate is of uniform
temperature T, for ¢t < 0 and the temperature
of the edges, x =0, x =a,y=0,and y = b, is
maintained at zero for ¢t > 0. In this problem
the density p of the material and the specific
heat ¢, are considered to be uniform. These
terms are combined with the temperature-
dependent thermal conductivity, thus defining
a temperature-dependent thermal diffusivity .

K(T)
K=
pc,

. (2.1)

This example will therefore test the applicability
of the variational formulation to problems
where the solutions are time-dependent with
two space variables, T(x,y;t) and where the
boundary conditions are specified.

It is advantageous to change variables in the
following manner.

- - _ Kot
é_a’ ¢ b’ T
T a
0:———‘ = —, .
T R b (2.2)

The conservation of energy equation then takes

the following form
0  ,{d (x 06 , 0 [k 00
" {ac (xo ag) R % (xo a¢>} )

and the initial and boundary conditions are as
follows.

0<é<sn O0<¢<xm

(E=0,n; ¢=07;

t<0; =1

24
t>0; 6=0 24)

The thermal diffusivity x is assumed to be a
linear function of temperature where o is the

slope of the dimensionless temperature—dif-
fusivity curve and «, is a reference value.

K = ko(1 + a0). (2.5)
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The variational form (1.6) in terms of the new
variables becomest

FIT im0 + 009 [fo0Y
jj et

“ L\V& )/

+ R2 (23)) ] + 0% }dé dpdr.  (26)

This form is applicable since the boundary
temperatures are specified and the surface
integral vanishes. It is now necessary to assume
a trial function for the temperature . In making
this choice it is desirable to obtain a relatively
simple form which will have the ability to
adequately represent the desired solutions. The
variational process is one of approximation and
the final results will be the best fit of the trial
function to the solution of the differential
equation. The trial function is taken to be

Z Z — sin né sin m¢

exp(—~a, ,7) mn =135, oo (27

which satisfies the boundary conditions (2.4).
The coefficients appearing in the exponential

term must be determined such that the integral
(2.6) is minimized. Consequently, the partial
derivative of the integral J (2.6) is taken with
respect to the speciﬁc coefficients o, , and the
resulting time-space integral is set equal to zero.
In taking this derivative the functions with the

superscript * are not subject to variation.

vl 2
()2 )]
(o) Go) acavas -

The subsidiary condition (1.5) is now applied
by setting 8 = 0* and the trial function (2.7) is
used to determine the several terms appearing
in (2.8). The square of an infinite series is re-
quired in evaluating (2.8) and, to avoid confusion
in the mathematical operations, the subscripts
s and t are assigned to one series, s, t, n, and m
covering the same range. The resulting set of
algebraic equations is in terms of the coefficients
O -

(2.8)

n* 1+R_2 oy
16\ " &2 16k212

(s2 —k* —n?

“28°ZZZZB e} pr

—n)?][2 — (m — D*][* — (m + D?]
% kl )
Xy + Oy + akl
—1280R? —m -1
[s? — (k — n)*][s* — k + n)2] [£2 — (m + D*] [t — (m — })?*]
nms.t.=135....,0. (29

Ay
x B —
(ast + Oy + akl)

 In this example the limits on the time integral are taken to be zero and infinity. Thus the fit of the trial function will be
over all time. A referee has noted, however, that since the coefficients in the trial function are determined by the values
of the limits of integration, the fit may be made over contiguous intervals. This poses the problem of the function being
discontinuous at the interval boundaries.
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These equations (2.9). truncated at the Nth
term in m and n, are of the form

Fifo1, 02, 0g N3 021022, - - O N3

o Oygs Oygs - Oy y) =0

Lj=123...,N. (2.10)
The Newton-Raphson method (Booth [10])
was used to determine these coefficients. Since
this technique was discussed in detail in [6], it
will not be repeated here.

In general, it is not possible to assume
arbitrary initial values for the a’s and be assured
that the Newton-Raphson method will con-
verge to the correct solution. The trial values
must be in the vicinity of those corresponding
to the solution. Some preliminary exploration
as to where the roots are located is advisable
before attempting to obtain a solution. By
considering the case of uniform thermal con-
ductivity, o = 0, it is possible to obtain an
initial set of a, , values. Using these starting
values it is then possible to obtain o’s for small
o values which in turn can be used as starting
values for yet larger values of the conductivity
coefficient.

When ¢ = 0 in (2.9), then the &, are easily
obtained,

oy = n2k? + R2?),  kl=135... N

@2.11)

The substitution of (2.11) into (2.7) results in the
following temperature function for uniform
conductivity.

16 | .
0= ?2 Z ﬁsmkfsmld)
k [}

exp[— n*(k* + R¥x].  (2.12)

This is a well-known solution (Carslaw and
Jaeger [11]). The o’s given by (2.11) were used
as initial values for o < 1. Then, with ¢ incre-
mented in small steps, the «’s resulting from one
solution were used as the starting values for the
next iteration, until all values of ¢ which were of
interest had been obtained. The iterations were
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terminated when the differences between all o’s
for two successive iterations were less than 1 per
cent. When values of «; corresponding to
o = 0 and o = 05 and a value of R = 1 (square
plate) are substituted into (2.7), temperature
distributions are obtained as shown in Fig. 1 for

10

0:0 —— T
=05 ——————-

-

-
—

FiG. 1. Temperature distributions 6 across the semi-width

of a finite rectangular plate at the mid-section ¢ = 7/2 for

a uniform thermal conductivity 6 =0 and a variable
conductivity ¢ = 0-5 for four time values t; R = 1.

several values of the dimensionless time z. These
temperature distributions are across the semi-
width of the plate at the mid-section ¢ = /2.
It is seen that appreciable differences exist
between the solutions where the thermal con-
ductivity variation with temperature is taken
into account and where it is considered to be
uniform.

In Fig. 2 are shown temperature distributions
over the semi-length of the plate at the centerline
¢ = n/2 for the dimensionless time 7 = 0-04.
These curves are for two width-to-length ratios.
R=1 and R =14 The classical method of
solution where the conductivity is considered to
be uniform would lead to appreciable errors as
shown by this comparison with the solution
based on a variable thermal diffusivity.

To evaluate the usefulness of the variational
formulation in achieving solutions to thermal
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conduction problems, it is necessary to have a
reference solution for comparison. However,
there are few solutions available which can be
used as a reference because of the difficulty in
obtaining solutions to problems with variable

IO|'

=0
=05—-——-
RrR=1/2
///"’
[
7 -—
gz e
L A g
/// /’/” R =l
2] // //,
// -
4 ol
4 ///
/’/
L a
ra
o 1 1 A1 1 1 |
/4 /e

F1G. 2. Temperature distributions 6 over the semi-length of
a finite rectangular plate along the centerline for a uniform
thermal conductivity ¢ = 0 and a variable conductivity
¢ = 05 for the dimensionless time 7 = 0-04 and for two
width-to-length ratios. R = 1 and R = 4.

thermal conductivities. Consequently, the solu-
tion to this problem was obtained using finite
difference methods (alternating direction) as
described by Douglas [12]. These solutions
were obtained on a high-speed digital computer
and are considered as reference solutions.

In Fig. 3 are shown comparisons of tempera-
ture distributions from the variational method
and the finite difference method. In this figure
¢ = (05, and it is seen that the variational solu-
tions compare favorably with the solutions ob-
tained through finite difference techniques. The

discrepancies shown between the two techniques
are the results of the influence of & on the trial
function which is to be found only in the time
factor. A more refined trial function which would
have greater flexibility in matching these solu-
tions could be used but at the expense of making
the analysis more complex. However, inasmuch
as the variational approach seeks to find
approximate solutions, one must conclude on
the basis of these comparisons that it is extremely
successful in fulfilling its purpose.

Instead of using a trial function (2.7) which
requires the determination of a multitude of
coefficients a,, we will now investigate the
possibility of a trial function requiring but a
single coefficient «. In this case a possible trial
function would be of the form

16 Z :z : 1 _
0= — — sin né sin m¢
n nm

exp [ — an’(n®* + RPm?)]  (2.13)

where a single « appears in the exponential term.
The minimization is effected as before by
performing the integrations indicated in the
following expression,

or  (TTf., . [f0\ & (o0
afﬂﬂ”“ oo [(‘a‘z)a"(a—f)
26\ o (26
() Go)
+(f’_9) (ﬁf.’f)} dedgde.  (2.14)
do) \ 01

A single equation is now available for the deter-
mination of a.

n? oa—1
16 n’m?

(n* + R*m?)

222200

[n? + p? + s* + (m* + ¢* + t) R*)?

{ ¢* = n* = 5

[ + 97 — n*][(p — 9> — n?][q* — (t — m*][4* — (¢ + m)*]
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RZ(qZ _ m2 _ t2)

= (),
G-I~ + P + 0 —m ][ — 7 - m’]} ’

[ Finite difference mem——
Variational

/2

FiG. 3. Temperature distributions 6 across the semi-width

of a finite rectangular plate at the mid-section ¢ = n/2 for a

variable thermal conductivity ¢ = 0-5 obtained using the

variational formulation with twenty-five coefficients, com-

pared to temperature distributions obtained through finite
difference methods; R = .

The multiple a’s and the single o were substituted
into (2.7) and (2.13), respectively, and Fig. 4
shows comparisons between the two methods.
These temperature distributions are along the
semi-width of the plate at the mid-section
¢ = =n/2 for a conductivity coefficient ¢ = 05
and a width-to-length ratio R = 1. The agree-
ment between the temperature distributions
determined by a single « and by twenty-five o’s
is close over a wide range of the dimensionless
time 7. The temperature distributions deter-
mined by the single « are slightly higher in all
cases than those distributions determined by
the multiple «’s. The multiple «’s were always
found to yield a more accurate solution.

3. TIME-INDEPENDENT TEMPERATURE
DISTRIBUTION

In the previous example the variational

nmp.q,st=1315,...,o00. (2.15)

Multiple coefficients
Single coefficient ———————

F1G. 4. Temperature distributions # across the semi-width
of a finite rectangular plate at the mid-section ¢ = n/2 for
a variable thermal conductivity ¢ = 0-5 obtained using the
variational formulation with twenty-five coefficients, com-
pared with those obtained with a single coefficient; R = 1.

formulation was used to achieve solutions
which were time-dependent with two space
variables. In this example, that of a finite
rectangular plate, the variational principle will
be used to obtain a solution of a steady-state
problem in two dimensions where the tempera-
tures are fixed but different on the boundaries.
The region of interest extends over 0 < x < a
and 0 < y € b, the temperature on all of the
boundaries being zero with the exception of
T(x, b) = T,sin nx/a. The thermal conductivity
is again assumed to be linearly dependent on
temperature and the density and specific heat
are assumed to be uniform. With the following
change of variables

= — = — 6:

S

, (G.1)

the energy equation and boundary conditions
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are given by

Kk 08 , 0 [x 00 ,
at (xo aé) K% (x?%) 0 B2
0. 7) = sin &, 0(&.0) = 0(0, ¢)
= 0(n, ¢p) = (3.3)

The variational formulation to be used is

TR . 69
[ [
00

a0
+ R? (54)) } déde (3.4)

with the thermal diffusivity given by (2.5).
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A trial function for § which satisfies the boundary
conditions is

Hzfgsiné + Y'Y Bum sin né sin mep

n=135. 3.5

28] (

where the f,, are the coefficients to be deter-
mined. The derivative of (3.4) is taken with
respect to the particular set of coefficients f,
and set equal to zero. The subsidiary condition
(1.5) is now satisfied by setting 0 = 0*.

After the appropriate integrations and alge-
braic manipulations the following infinite set
of algebraic equations is obtained for the f,

+ nz(ﬁ k) {HZIZP n--m- Ztzi[' * ("l)l]}
" %gz 2 knfon 77 (n(-fl- lz);]lz[l_fz()n — k7] {% o (’22 ITQMZIV e Wq}
, 2
_4R% ZZBnm - )icjrrErlz e {7; y (l(l +m )2__—()22'"' [1— (- 1)’"+’]}
SRNPI =5 S U
— Sdzn:;ggﬂnmﬁst[(s +n)? — k*][(s kl’;nit(fz]*[lgz_— v 22 = (m + 1)7]
S e BT e T = L
— 80R* LYY Bunbo ez T _kl(rnjt(st:z]_[(l:; ,Z;z)_ Pl =m? =] "
(36)
where Q;; = (1 — J;))

and  §;;is the Kronecker delta.

An initial set of trial values for §,, is obtained
by setting ¢ = 0 in (3.6) and solving for the
coefficients. Thus

(-1

Bl,l + m (37)

For the case of uniform conductivity, ¢ = 0,
there exists but one k value, that of unity. The
coefficients B, from (3.7) are used as initial values
to allow one to proceed with the evaluation of
the coefficients for the case of variable dif-
fusivity.
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In Fig. 5 are shown steady-state temperature
distributions for selected values of ¢, compari-
sons being made between the solutions with
variable conductivity, ¢ = 0-5, and uniform
conductivity ¢ = 0. In Fig. 6 comparisons are

o= 0
0= 05 ——————

——

—

w/2

FIG. 5. Steady-state temperature distributions across the

semi-width of a finite rectangular plate for selected values

of ¢ for a uniform thermal conductivity ¢ =0 and a
variable conductivity ¢ = 05, R = 1.

10
Finite difference
Variational -———=====

1 ) Il L J

/2

FIG. 6. Steady-state temperature distributions across the

semi-width of a finite rectangular plate for a variable

thermal conductivity ¢ = 0-5 obtained using the variational

formulation, compared with those obtained through the
use of finite difference techniques; R = 1.
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made between the solutions obtained from the
variational formulation and those obtained
using finite difference techniques. In this case
the overrelaxation method of Young [13] was
used to obtain the reference solutions. For these
steady-state solutions, excellent correlation is
obtained between the variational and the refer-
ence solutions over a wide range of ¢ values.

CONCLUSIONS

These two examples have shown that it is
possible to use an extended variational formula-
tion to achieve solutions to problems with
temperature-dependent diffusivities. In these
examples we have also seen that the approximate
solutions obtained by the variational method
are dependent on the form of the assumed trial
function. If knowledge is available relating to
the behavior of the solutions, then this know-
ledge can be incorporated into the trial function.
If information is lacking, then there is the possi-
bility of approximating the solutions by other
methods which will yield sufficient information
as to the characteristics of the solutions to allow
a reasonable assumption for the trial function.

The greatest advantage of the variational
principle as applied to heat-conduction
problems is that its applicability is not limited
by the manner in which the thermal conductivity,
density, or specific heat are temperature-
dependent. The temperature dependence of
these phenomenological coefficients, when
known, can then be incorporated directly into
the variational formulation. If these relation-
ships should be other than the simple linear form
used in this analysis, this would result in
additional algebraic operations because of the
higher order terms, however, the basic mathe-
matical operations would remain unchanged.

The application of the variational technigue
requires the availability of a computer facility,
but this same requirement is found with regard
to other methods currently used to achieve
solutions to the types of problems that have been
used as examples. The amount of computer
time required to achieve solutions through either
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finite difference methods or variational tech-
niques can vary appreciably. It is not possible to
give absolute comparisons because of the
various trial functions that might be used and
the differing finite difference techniques that
can be applied. It was found that the computer
time required by the variational method in
achieving the steady-state solutions for the
finite plate was approximately one-half the time
required by the finite difference methods. For
the time-dependent solutions, however, the
variational formulation exceeded, by a factor
of one-half, the time required by the finite
difference method. If a judicious choice of the
trial function is made or if the appropriate
finite difference method is chosen, then little
difficulty is found in achieving the required
temperature distributions. However, a poor
choice of either of these can lead one to a great
many difficulties in this type of problem.

Although the Newton—Raphson method was
used in the preceding examples, other approxi-
mation techniques could have been used equally
as well. Most of these techniques, however,
require that the iteration be initiated in the
neighborhood of the solution to assure con-
vergence. In those instances where many co-
efficients are desired, difficulty may be experi-
enced in achieving convergence even with initial
values very close to the true solutions.

The dimensionless parameter ¢ appearing in
the thermal diffusivity—temperature relationship
(2.5) is the product of the reference temperature
T, and the slope of the dimensional diffusivity—
temperature curve. Values of ¢ used in the
examples were chosen for illustrative purposes
only and not to represent the properties of a
particular solid material. These values are.

however, valid for many metals and structural
materials when the reference temperature T, is
of the order of several hundred to a thousand
degrees.
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Résumé—Une formulation variationnelle est obtenue et appliquée a des problémes de conduction de
chaleur a travers des solides. Cette formulation a, comme équation d’Euler-Lagrange, I’équation générale
de la chaleur ou1 Ia conductibilité thermique, la masse volumique et la chaleur spécifique peuvent dépendre
de la température. Le principe variationnel peut étre appliqué & des solutions en régime permanent ou
dépendant du temps et il est valable pour des conditions aux limites dans lesquelles la température est
spécifiée, soit constante, soit dépendant du temps, ou lorsque le flux de chaleur est nul. La distribution
de température macroscopique est déterminée pour deux problémes en employant cette technique. Le
premier de ces problémes est celui d’une plaque rectangulaire finie dont la température initiale est constante
et dont la température des bords est portée A zéro pour des temps positifs. Dans le second exemple, la
formulation variationnelle est employée pour obtenir une distribution de température en régime permanent
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pour une plaque rectangulaire finie dont les c6tés sont maintenus a des températures constantes mais

différentes. Dans ces deux applications, on a supposé que la conductivité thermique varie lin€airement

avec la température et ’on a supposé que la masse volumique et la chaleur spécifique avaient des valeurs

uniformes. La comparaison des résultats obtenus en employant la formulation variationnelle avec ceux

obtenus par des techniques de différences finies montre une corrélation excellente dans une certaine
gamme de variation du coefficient de température de la conductivité thermique.

Zusammenfassung—M it Hilfe der Variationsrechnung wird ein Formalismus abgeleitet und auf Probleme
der Wirmeleitung in Festkorpern angewandt. Die Formulierung enthilt als Euler-Lagrangesche Differ-
entialgleichung die allgemeine Wirmeleitungsgleichung, wobei die Warmeleitfahigkeit, die Dichte und
die spezifische Wiarme temperaturabhingig sein konnen. Das Variationsprinzip kann zur Gewinnung
stationirer, wie instationdirer Losungen dienen; est gilt fir Randbedingungen, bei denen die Temperatur
entweder als fester oder als zeitabhdngiger Wert vorgeschrieben ist oder der Wirmestrom Null ist.

Fiir zwei Probleme wird die makroskopische Temperaturverteilung unter Verwendung dieser Methode
ermittelt. Im ersten Fall ist eine endliche rechteckige Platte vorgegeben; die Anfangstemperatur der
Platte sei konstant und fiir Zeiten grosser Null werden die Rénder auf der Temperatur Null gehalten. Im
zweiten Beispiel wird die Formulierung als Variationsproblem dazu benutzt, die stationdre Temperatur-
verteilung in einer endlichen rechtwinkligen Platte zu gewinnen, wenn die Seitenflichen auf festen aber
unterschiedlichen Temperaturen gehalten werden. In beiden Anwendungsfillen wird angenommen, dass
die Wirmeleitfahigkeit linear mit der Temperatur verénderlich ist und die Dichte und die spezifische
Wiirme feste Werte haben.

Ein Vergleich der nach dem Variationsprinzip gewonnenen Ergebnisse mit solchen aus einem Differ-
enzenverfahren zeigt fiir einen gewissen Bereich des Temperatur-Wirmeleitfdhigkeitskoeffizienten

ausgezeichnete Ubereinstimmung.

AmBoTamms—Iloy4eHHHN BAPAIHMOHHHN MeTOX NPHMEHAETCA K 3afauaM TeIIONpPOBOJ-
HOCTH TBOPIHX Tel. STOT METOX, OCHOBAHHHHA Ha ypaBHeHnd JHiepa-Jlarpamska, COREpKHT
ofmee ypaBHeHHe HEPEHOCA TeIJIa, B KOTOPOM TEILIONPOBOJXHOCTEH; IIOTHOCTh M yAedbHAs
TENI0EMKOCTE MOTYT 3aBHCETh OT TeMIepaTypH. BapHAaUMOHHMN *INPHHUMI NpPUMEHAETCH
IUIA pellleHMA KAK CTANHOHAPHHX TAK M HECTAIMOHAPHHX 3a7a4 ¥ CHPABEJINB JJIA IPAHUY-
HHX yCIOBHH, B KOTOPHX 3aJJaeTcfi TeMIlepaTypa, NpHYeM OHA NOCTOSTHHA MJIM BAaBHCHT QT
BPeMeHH, A TaKiKe NIA CIydas, KOTAA Telm1OBOH MOTOK paBeH Hymo. C NOMOINBIO ZAHHOIO
MeTOja HAXOMHMTCA pacupefeleHHe TEMIEPATYPH LA CIeAYyImHUX caydaes : (1) orpanunyen-
HOM IJIACTHHLK C MOCTOAHHON HAYaJLHOR TeMmepaTypolt, TeMmeparypa G0KOBHX mOBepX-
HOCTeH paBHA HYJI0 Korja BpeMdA Goxpime Hys ; (2) noaxyyeHO CTAIMOHAPHOE TeMIEPATYPHOE
pacnpefeNeHne XJaA OTPAHHYEHHON INIACTMHH, KOrfa GOKOBHE IOBEPXHOCTH HOJNERHH-
BalOTCH NPH (MKCHPOBAHHHIX U PA3MMYHHX TeMIepaTypax. B o6oMX 9THX CIydYaAx Mpep-
TOJIAraeTcs, 4T0 KOHPUIMEHT TeMIONPOBOAHOCTH JHHEHHO HBMeHAETCA € TeMHepaTypoft,
a IAOTHOCTh M yHNedbHAf TeMI0eMKOCTh-BEIMYMHL NMOCTOAHHHE. CpaBHeHHE MOJTYYeHHHX
BapHANMOEHKIM METOOM pesyJbTaTOB CO BHAYCHHAMH, INOJYYeHHHMM METOXOM KOHEYHHX
pasHoOCTelt, NOKASHBAET XOpoOINlee COTJIACOBAHME NS KoaPduImeHTA TeMIIepaTypONpOROA-
HOCTH.
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